A strong edge coloring of a graph is a proper edge coloring in which every color class is an induced matching. The strong chromatic index χ 1 s pGq of a graph G is the minimum number of colors in a strong edge coloring of G. Let ∆ ě 4 be an integer. In this note, we study the properties of the odd graphs, and show that every planar graph with maximum degree at most ∆ and girth at least 10∆´4 has a strong edge coloring using 2∆´1 colors.
It is obvious that k ‰ n´1. By symmetry, we may assume that λ 1 " z k`1 and λ 2 " y n´1 . Subcase 1.1. k ď n´4.
In the odd graph O n , we can find a special walk from w 0 to w 2n , whose edges are labeled with z k`1 , y k`1 loooooooooon , z k`2 , y k`2 loooooooooon , . . . , z n´3 , y n´3 loooooooooon , s 1 , y n´2 loooooooon , s 2 , s 1 loooon , . . . , s k`1 , s k loooooooon , z n´2 , s k`1 loooooooooon , z n´1 , y n´1 loooooooooon .
In the odd graph O n , we can find a special walk from w 0 to w 2n , whose edges are labeled with z n´2 , x 1 loooooooon , s 1 , y n´2 loooooooon , s 2 , s 1 loooon , s 3 , s 2 loooon , . . . , s k , s k´1 loooooooon , x 1 , s k loooon , z n´1 , y n´1 loooooooooon . (It needs n at least 4, otherwise x 1 does not exist.) Subcase 1.3. k " n´2.
In the odd graph O n , we can find a special walk from w 0 to w 2n , whose edges are labeled with z n´1 , y n´1 loooooooooon , s 1 , x 1 loooon , s 2 , s 1 loooon , s 3 , s 2 loooon , . . . , s n´3 , s n´4 loooooooooon , y n´1 , s n´3 loooooooooon , x 1 , y n´1 loooooooon . Case 2. λ 1 P tz k`1 , z k`2 , . . . , z n´1 u and λ 2 P ts 1 , s 2 , . . . , s k`1 u.
It is obvious that k ‰ n´1. By symmetry, we may assume that λ 1 " z k`1 and λ 2 " s k`1 . If k " 0, then we can find a special walk from w 0 to w 2n , whose edges are labeled with z 1 , y 1 loooon , z 2 , y 2 loooon , . . . , z n´2 , y n´2 loooooooooon , s 1 , y n´1 loooooooon , z n´1 , s 1 loooooooon . If k P t1, 2, . . . , n´2u, then we can find a special walk from w 0 to w 2n , whose edges are labeled with z k`1 , y k`1 loooooooooon , z k`2 , y k`2 loooooooooon , . . . , z n´2 , y n´2 loooooooooon , s 1 , y n´1 loooooooon , s 2 , s 1 loooon , s 3 , s 2 loooon , . . . , s k`1 , s k loooooooon , z n´1 , s k`1 loooooooooon . Case 3. λ 1 P ts 1 , s 2 , . . . , s k`1 u and λ 2 P ts 1 , s 2 , . . . , s k`1 u.
If k " 0, then we can find a special walk whose edges are labeled with s 1 , y 1 loooon , z 2 , y 2 loooon , z 3 , y 3 loooon , . . . , z n´1 , y n´1 loooooooooon , z 1 , s 1 loooon . If k " 1, then we can find a special walk whose edges are labeled with s 1 , x 1 loooon , z 2 , y 2 loooon , z 3 , y 3 loooon , . . . , z n´1 , y n´1 loooooooooon , x 1 , s 1 loooon . If k " 2, then we can find a special walk whose edges are labeled with s 1 ,
If k P t3, . . . , n´2u, then we can find a special walk whose edges are labeled with s 1 , x 1 loooon , s 3 , y k`1 loooooooon , s 4 , s 3 loooon , s 5 , s 4 loooon , . . . , s k`1 , s k loooooooon , z k`1 , s k`1 loooooooooon , z k`2 , y k`2 loooooooooon , . . . , z n´1 , y n´1 loooooooooon , x 1 , s 1 loooon . If k " n´1, then we can find a special walk whose edges are labeled with s 1 ,
Subcase 3.2. λ 1 " s 1 and λ 2 " s k`1 . It follows that k ‰ 0.
If k " 1, then we can find a special walk whose edges are labeled with s 1 , y 2 loooon , s 2 , s 1 loooon , z 3 , y 3 loooon , z 4 , y 4 loooon , z 5 , y 5 loooon , . . . , z n´1 , y n´1 loooooooooon , z 2 , s 2 loooon .
If k " 2, then we can find a special walk whose edges are labeled with s 1 , y 3 loooon , s 2 , s 1 loooon , s 3 , s 2 loooon , z 4 , y 4 loooon , z 5 , y 5 loooon , . . . , z n´1 , y n´1 loooooooooon , z 3 , s 3 loooon .
If k P t3, 4, . . . , n´2u, then we can find a special walk whose edges are labeled with
loooooooooon . If k " n´1, then we can find a special walk whose edges are labeled with s 1 ,
loooooooon . This completes the proof of the lemma.
Notice that we restricted n ě 4 in the above lemma since the result is not true for n " 3. For n " 3, we have the following result.
Lemma 5. Given two vertices w 0 , w 9 (they are not necessarily distinct) and two incident edges labeled with λ 1 , λ 2 respectively in O 3 , there exists a 9-special walk from w 0 to w 9 such that its first edge is labeled with λ 1 and the last edge is labeled with λ 2 .
Proof. By symmetry, we divide the proof into three cases in terms of the size of intersection of rw 0 s and rw 9 s, and each case is divided into some subcases. Case 1. Assume that rw 0 s " ty 1 , y 2 u, rw 9 s " tz 1 , z 2 u and ty 1 , y 2 , z 1 , z 2 , s 1 u " t1, 2, 3, 4, 5u.
When λ 1 " z 1 and λ 2 " y 1 , we can find a special walk whose edges are labeled with z 1 , y 1 loooon , z 2 , y 2 loooon , s 1 , z 1 loooon , y 2 , z 2 loooon , y 1 . When λ 1 " z 1 and λ 2 " s 1 , we can find a special walk whose edges are labeled with z 1 , y 1 loooon , z 2 , y 2 loooon , y 1 , z 1 loooon , y 2 , z 2 loooon s 1 . When λ 1 " λ 2 " s 1 , we can find a special walk whose edges are labeled with s 1 , y 1 loooon , z 2 , y 2 loooon , y 1 , s 1 loooon , y 2 , z 2 loooon , s 1 . Case 2. Assume that rw 0 s " tx 1 , y 2 u, rw 9 s " tx 1 , z 2 u and tx 1 , y 2 , z 2 , s 1 , s 2 u " t1, 2, 3, 4, 5u.
When λ 1 " z 2 and λ 2 " y 2 , we can find a special walk whose edges are labeled with z 2 , x 1 loooon , s 2 , z 2 loooon , x 1 , y 2 loooon , s 1 , x 1 loooon , y 2 . When λ 1 " z 2 and λ 2 " s 2 , we can find a special walk whose edges are labeled with z 2 , y 2 loooon , s 2 , x 1 loooon , y 2 , s 2 loooon , s 1 , z 2 loooon , s 2 . When λ 1 " s 1 and λ 2 " s 2 , we can find a special walk whose edges are labeled with s 1 , x 1 loooon , s 2 , s 1 loooon , x 1 , s 2 loooon , s 1 , x 1 loooon , s 2 . When λ 1 " λ 2 " s 1 , we can find a special walk whose edges are labeled with s 1 , x 1 loooon , z 2 , y 2 loooon , s 2 , s 1 loooon , y 2 , z 2 loooon , s 1 . Case 3. Assume that rw 0 s " rw 9 s " tx 1 , x 2 u and tx 1 , x 2 , s 1 , s 2 , s 3 u " t1, 2, 3, 4, 5u.
When λ 1 " s 1 and λ 2 " s 3 , we can find a special walk whose edges are labeled with s 1 , x 1 loooon , s 3 , x 2 loooon , x 1 , s 3 loooon , s 2 , x 1 loooon , s 3 . When λ 1 " λ 2 " s 3 , we can find a special walk whose edges are labeled with s 3 , x 1 loooon , s 2 , x 2 loooon , x 1 , s 3 loooon , s 1 , x 1 loooon , s 3 . This completes the proof of the lemma.
Its application on strong edge coloring
Before we prove the main theorems, we need the following result due to [20] . For the completeness, we present its proof here. Theorem 3.1. If G is a planar graph minimum degree at least two and girth at least 5t`1, then G contains a path consisting of t consecutive vertices of degree two. Theorem 3.2. If G is a planar graph with maximum degree at most ∆ and girth at least 10∆´4, where ∆ ě 4, then G has a strong edge coloring using 2∆´1 colors.
Proof. Let G be a counterexample to the theorem with minimum number of vertices. It is obvious that G is connected and the minimum degree is at least one. Let A be the set of vertices of degree one in G, and let H " G´A. It is easy to show that the minimum degree of H is at least two. By Theorem 3.1, the graph H has a path u 0 u 1 . . . u 2∆ , such that u 1 , u 2 , . . . , u 2∆´1 are 2-vertices in H. Correspondingly, this path is an induced path in G. Let R be the graph obtained from G´tu 2 , u 3 , . . . , u 2∆´2 u by deleting all the 1-vertices adjacent to u 1 and u 2∆´1 . Without loss of generality, we may assume that u 0 and u 2∆ are ∆-vertices, otherwise we add ∆´d G pu 0 q pendant edges to u 0 and add ∆´d G pu 2∆ q pendant edges to u 2∆ . Recall that the minimum degree of H is at least two, thus both u 0 and u 2∆ are 2`-vertices in R, and then we add at most 2∆´4 vertices, but we delete at least 2∆´3 vertices from G. Notice that |VpRq| ă |VpGq|. By the minimality of G, the graph R has a strong edge coloring φ using colors from t1, 2, . . . , 2∆´1u. Now, we can find a special walk w 0 w 1 . . . w 2∆ in the odd graph O ∆ such that it satisfies the following properties:
(a) its length is exactly 2∆;
(b) rw 0 s " ru 0 s and rw 2∆ s " ru 2∆ s.
Hence, we can color the edges incident to u i with colors in rw i s, and the edge u i u i`1 is colored with the label on w i w i`1 for 1 ď i ď 2∆´1. Finally, we obtain a strong edge coloring of G using colors from t1, 2, . . . , 2∆u, a contradiction.
Using the same techniques and Lemma 5, we can prove the following result which has been proved by Borodin and Ivanova [3] . Theorem 3.3 (Borodin and Ivanova [3] ). If G is a subcubic planar graph with girth at least 41, then G has a strong edge coloring using 5 colors.
Concluding remark
The essential of the proof is finding a special walk with fixed length between any two vertices in the odd graph, and additionally the first edge and the last edge are specified.
‚ The length of the special walk in Lemma 4 is best possible. Let rw 0 s " ty 1 , y 2 , . . . , y n´1 u, rws " tz 1 , z 2 , . . . , z n´1 u and λ 1 " s 1 . By Lemma 1, if we go from w 0 to w such that the first edge is labeled with λ 1 , then the length of a shortest even path is at least 2n. Hence, the length of the special walk in Lemma 4 cannot be improved to a smaller even number.
And if rw 2n s " ty 1 , y 2 , . . . , y n´1 u, we go from w 0 to w 2n such that both the first edge and the last edge are labeled with s 1 , in other words, we go from w 0 to w such that the first edge is labeled with s 1 , and then go through the edge ww 2n , then the length of a shortest odd spacial walk from w 0 to w 2n is at least 2n`1. Hence, the length of the special walk in Lemma 4 cannot be improved to a smaller odd number.
‚ The length of the special walk in Lemma 5 is best possible. Firstly, we show that the length 6 is impossible. For example, let rw 0 s " ru 0 s " t1, 2u and rw 1 s " ru 1 s " t3, 4u, if we want to go from w 0 to u 0 such that the first edge is w 0 u 0 and the last edge is u 1 u 0 , then we should go from w 1 to u 1 by a special walk of length 4, a contradiction.
Secondly, we show that the length 7 is impossible. For example, let rw 0 s " rw 7 s " t1, 2u, rw 1 s " t3, 4u and rw 6 s " t4, 5u. Suppose that there exists a 7-special walk w 0 w 1 w 2 w 3 w 4 w 5 w 6 w 7 . Note that w 1 w 2 can be labeled with 1 or 2, we may assume that it is labeled with 1, thus rw 2 s " t2, 5u. We may assume that w 2 w 3 , w 3 w 4 , w 4 w 5 , w 5 w 6 are labeled with λ 3 , λ 4 , λ 5 , λ 6 , respectively. If 5 R rw 4 s, then we should go along w 4 w 3 w 2 such that rw 2 s " t2, 5u, and then λ 4 " 5; similarly, we should go along w 4 w 5 w 6 such that rw 6 s " t4, 5u, and again we have that λ 5 " 5, a contradiction. So we have that rw 4 s " t5, λu. Notice that λ 3 P rw 4 s and λ 6 P rw 4 s, thus λ " λ 3 " λ 6 , but this is impossible since λ 3 P t3, 4u and λ 6 P t1, 2u.
Thirdly, we show that the length 8 is impossible. For example, let rw 0 s " rw 7 s " t1, 2u and rw 1 s " rw 8 s " t3, 4u. Suppose that there exists a 8-special walk w 0 w 1 w 2 w 3 w 4 w 5 w 6 w 7 w 8 and w 1 w 2 , w 2 w 3 , w 3 w 4 , w 4 w 5 , w 5 w 6 , w 6 w 7 are labeled with λ 2 , λ 3 , λ 4 , λ 5 , λ 6 , λ 7 respectively. By Lemma 2, the three elements λ 2 , λ 4 , λ 6 are distinct and t1, 2u Ď tλ 2 , λ 4 , λ 6 u. So we may assume that tλ 2 , λ 4 , λ 6 u " t1, 2, λu. Note that both w 0 w 1 and w 7 w 8 are labeled with 5, thus λ ‰ 5 and λ P t3, 4u. Note that λ 2 R t3, 4u, so by Lemma 2, we have that λ " λ 4 P t3, 4u. By the construction of the odd graph, we have that λ R rw 3 s, but rw 3 s is obtained from t3, 4u by replacing λ 3 with λ 2 , and then λ 3 " λ " λ 4 , a contradiction.
